In this work we deal with magnetic junction structures in which a homogeneous narrow-gap semiconductor is subjected to an inhomogeneous magnetic field. The aim of the paper is to elucidate magnetic field effects on the electron energy spectrum of narrow-gap semiconductors in inhomogeneous magnetic fields. The two-band Dirac model is used as a model Hamiltonian. Spectra and wave functions for the magnetic junction are obtained. Wave functions for the lowest quasi Landau levels are strongly localized near the interface plane showing the characteristic properties of snake orbits. The spin properties of the quasi Landau levels are studied.
I. INTRODUCTION
Recent experimental techniques have opened up the way to experiments in inhomogeneus magnetic fields with periods in the nanometer region.
1 This kind of field has been realized with the fabrication of magnetic dots, patterning of ferromagnetic materials, and deposition of superconducting materials on conventional heterostructures. Increased interest in studying a two-dimensional electron gas ͑2DEG͒ subjected to inhomogeneous magnetic fields is mainly caused by the special tunneling and kinetic properties of magnetic structures. In contrast with tunneling through electric barriers, the tunneling probability of the magnetic structures depends not only on the electron momentum perpendicular to the tunneling barrier but also on its momentum parallel to the barrier. This renders the tunneling an inherently two-dimensional process where magnetic barriers possess wave-vector filtering properties. 2 Related to this subject is the effect of a local magnetic field on the tunneling current through a thick potential barrier considered in Ref. 3 . A magnetic field strictly localized within a potential barrier was shown to lead to resonances centered within the barrier. A number of papers have considered quantum transport of a 2DEG in a weak magnetic field modulation. Magnetoresistance commensurability oscillations ͑so-called Wiess oscillations͒ in these systems were first theoretically predicted 4 and then observed in experimental studies of 2DEG's in periodically modulated magnetic fields. 1 The reason for the oscillations is the commensurability between the classical cyclotron diameter and the period of the modulation. 5 It is worth noting, as well, the observation of the very large, low-field magnetoresistance of a 2DEG subjected to a periodic magnetic field that alternates in sign. 6 Moreover, the interest in electron properties of the 2DEG in alternating magnetic fields is motivated by the relevance of the problem to the composite-fermion description of a half-filled Landau level as a classical analog of the fractional quantum Hall effect. 7, 8 As a matter of fact, for a density modulated 2DEG, which is supposed to be in the fractional quantum Hall regime, 9,10 the problem reduces to the ballistic motion of composite fermions moving in a periodic magnetic field. A quasiclassical treatment of the problem results in considering states that are referred to as snake states due to the characteristic shape of the classical analog trajectories. Müller 11 seems to have been the first to give a quantummechanical treatment for the snake states in a constantgradient field. In the presence of a uniform magnetic field, electrons of an infinitely large 2DEG are well known to be localized on cyclotron orbits. 12 Conduction is zero in the absence of scattering and sample boundaries. A spatially nonuniform magnetic field can result in extended ͑snake͒ states. Snake orbits in semiconductor devices have been considered in detail theoretically in a recent work. 13 Experimental proof of the existence of snake states propagating along lines of zero magnetic field has been obtained from electron transport perpendicular to the interface in Refs. 1 and 6.
In their very nature the unusual tunneling and kinetic properties of the magnetic structures result from the rearrangement of the band spectrum under inhomogeneous magnetic fields. To our knowledge, theoretical works relevant to the electron transport problem of magnetic structures have treated a single-band model to describe the energy spectrum, any spin properties of the band structure being neglected. As a matter of fact this approximation is valid for semiconductors like GaAs because in this case for the magnetic fields between 0.1 and 1 T used in experiments the forbidden gap is larger than the cyclotron energy. But the situation will change for the narrow-gap semiconductors of type III-V, IV-VI, and II-VI. For example, for InSb the cyclotron energy will already be larger than the value of the gap at Bϳ1 T. Two-band effects are even more evident for the IV-VI and II-VI narrow-gap semiconductors or their solid solutions in which a gapless state can be reached. Obviously, if a magnetic field is applied to the system of a narrow-gap semiconductor, the single-band model can lead to an inadequate description of transport effects.
In this work we are concerned with magnetic structures in which a homogeneous narrow-gap semiconductor is subjected to an inhomogeneous magnetic field. Our aim is to provide a clear picture of alternating magnetic field effects on the electron energy spectrum of narrow-gap semiconductors. For the magnetic structures considered, the magnetic field is taken to be directed along the z axis, being homogeneous along the y axis and varying along the x axis. As a first step in studying the inhomogeneous magnetic field, we do not take into account a realistic profile of the changing of the magnetic field and consider the simplest situation of a steplike interface. The reason for this approximation is the following. As shown, 2 by the proper choice of the experimental parameters it is possible to realize such a sharp magnetic interface that its width is less than the characteristic magnetic length l H ͑which for values of the magnetic field up to 10 T cannot be less than 10 nm͒.
Two different magnetic junction structures are considered. The first one is a so-called inverted magnetic junction where B ϩ B Ϫ Ͻ0 ͓B Ϯ ϵB z (xϭϮϱ)͔. The second structure is a normal magnetic junction where B Ϫ B ϩ Ͼ0.
This paper is organized as follows. In Sec. II we describe our theoretical model. The band spectrum and wave functions for the inverted and normal magnetic junctions are obtained. In Sec. III spin properties of the electron states are studied. Section IV concludes the paper with a brief summary of the main results.
II. TWO-BAND MODEL
The simplest theoretical approach for the narrow-gap semiconductors is known to be a two-band model, 14 which in the first approximation of the k•p perturbation theory reduces to the following Dirac Hamiltonian:
͑1͒
Here ⌬ is determined as the half band gap, ⌬ϭE g /2; V is the so-called work function, describing the shift of the gap middles; k is the momentum operator, kϭϪi"; v is the interband matrix element of the velocity operator; ϭ( x , y , z ) is the vector whose components are the Pauli matrices. In the simplest form this two-band Dirac Hamiltonian defines two nearby conduction and valence bands as two Kramers conjugate states. Therefore, the Hamiltonian ͑1͒ takes into account spin properties of the wave functions, called eigenspinors in this case.
In this work we neglect the Zeeman term in the Hamiltonian in the presence of a magnetic field. Thus, a static magnetic field is incorporated in H 0 just by the standard substitution k→kϩ e បc A͑r͒. ͑2͒
For the magnetic field Bϭ(0,0,B z ) the electromagnetic vector potential A is chosen in the Landau gauge as A(r) ϭ(0,xB z ,0). Following the results of Ref. 15 we write the four bulk eigenfunctions for Eq. ͑1͒ in the form
where the columns vectors u and v are defined by
ͪ .
͑4͒
Here a new dimensionless variable is introduced by ϭͱ2(x 0 ϩx)/l H , x 0 ϭk y l H 2 is the center of the Landau orbits, ϭsgn(B z )ϭϮ1 is the orientation of the magnetic field (ϭ1 corresponds to a field pointing along the positive z axis͒, l H ϭͱបc/e͉B z ͉ is the magnetic length, and ϭl H k z and ϭz/l H are the dimensionless z momentum and coordinate. The functions D p (Ϯ) are the parabolic cylinder functions. They constitute two independent, nonorthogonal solutions of the harmonic-oscillator equation
and the corresponding bulk dispersion relation is
where p is determined from the boundary conditions. The spinor coefficients in Eq. ͑3͒ are given by
where k p Ϯ ϭ(1/l H )(Ϯi(1Ϫp)/ͱ2,Ϯ(1ϩ p)/ͱ2, ). Starting from the Schrödinger equation determined by the Hamiltonian ͑1͒ with the replacement ͑2͒, we look for a solution as a linear combination of eigenfunctions ͑3͒. For a steplike magnetic interface with a sharp change of the magnetic field at xϭ0, boundary conditions need to be applied to the eigenvalue problem. Assuming the wave function to be continuous at the interface and integrating the Schrödinger equation across the interface boundary, we obtain the boundary conditions reduced just to the demand for wave function continuity. Moreover, we should take into account that the two solutions D p (Ϯ) present different asymptotic behaviors at (x)→Ϯϱ. Since the solution must decay far away from the interface the wave function is allowed to include only ⌿ ϩ functions for xϾ0. Meanwhile, only ⌿ Ϫ functions are allowed for xϽ0.
A. Inverted magnetic junction
For the inverted magnetic junction B ϩ ϭϪB Ϫ ϭB, the dispersion relation reads
where 0 ϭͱ2k y l H is the dimensionless x coordinate of the Landau orbit center. This equation defines for every energy the allowed values of the momentum k y related to the location of the Landau orbit centers. The numerical solution of this dispersion relation is shown in Fig. 1 where the allowed values of p are shown as a function of 0 . Taking into account the dependence of E on p ͓Eq. ͑6͔͒ we can consider this figure as a band spectrum. The case of a quasiclassical magnetic field when F ϭ4ប H ( F is the Fermi energy, H is the cyclotron frequency͒ is studied. The following parameters have been used: F ϭ⌬ϭ0.1 eV. In the case of the 2DEG ͑that is, ϭ0), Eq. ͑6͒ implies that (EϪV)/⌬ϭͱpϩ1.
We note that the energy spectrum of the inverted magnetic junction consists of successive bands that are the remnants of the Landau levels showing a time-reversal asymmetry. 11 The energy spectrum shown in Fig. 1 has a direct analogy with the single-band model 13 and can be interpreted in the same way. For the 2DEG under a step magnetic field the single-band problem is reduced to solving the one-dimensional Schrödinger equation
with the effective potential
which depends on k y . We analyze the energy spectrum of the inverted magnetic junction ͑see Fig. 1͒ in terms of the effective potential V k y . For k y Ӷ0 the potential has the form of two decoupled parabolic wells. Thus, we obtain the Landau states (nϩ1/2)ប H as a solution; they are twofold degenerate because of the identity of the states in both parabolic wells. These states have zero velocity v y ϭ(1/ប)(‫ץ‬E n,k y /‫ץ‬k y ) along the y axis.
With increasing k y the parabolic wells become coupled. As a result the wave function becomes localized near the interface. These states are characterized by nonzero velocity v y and have snake orbits going back and forth around the interface through the B ϩ and B Ϫ regions. The velocity v y of these states increases with k y .
As was noted in this consideration the Zeeman term is neglected. Each quasi Landau level is doubly degenerate and described by two wave functions. The squared modulus of one of the normalized wave functions on each side of the interface reads
Here ⌿ ϩ ϭ⌿(xϾ0), ⌿ Ϫ ϭ⌿(xϽ0), Ϯϭ(ͱ2/l H )(x 0 Ϯx), and
The analytical expression for the probability density function of the spin conjugate state ⌿ is written in the same form with a sign change in the second term in Eq. ͑9͒. The probability density functions for the four lowest quasi Landau levels at 0 ϭϪ2,0,2 are shown in Fig. 2 . Here the probability density functions for the different levels are shifted upward with respect to each other and ordered by their corresponding energy. It can be seen that the value of 0 determines not only the location of the cyclotron orbit centers but also the extension of the quasi Landau states, namely, the larger the value of 0 the more the wave function becomes localized. This fact is well understood from the analysis of the profile of the effective potential. As follows from Fig. 2͑a͒ , at 0 ϭϪ2 when the electrons experience the double-well effective potential, the wave function for the excited states is not symmetrical, but at 0 ϭ0 ͓Fig. 2͑b͔͒ and 0 ϭ2 ͓Fig. 2͑c͔͒ the electrons experience a symmetrical coupled effective potential; as a result their wave function becomes symmetrical.
B. Normal magnetic junction
For the normal magnetic junction the magnetic field just changes its absolute value at the interface boundary. The solution of the boundary value problem leads to the following dispersion relation:
Here l H ϩ and l H Ϫ are the values of the magnetic length for x Ͼ0 and xϽ0, respectively, ͱq/pϭl H ϩ /l H Ϫ , and 0 Ϯ ϭͱ2k y l H Ϯ are again the dimensionless x coordinates of the Landau orbit centers on different sides of the interface boundary.
The numerical solution of Eq. ͑10͒ is presented in Fig. 3 . The calculations were performed for two different values of the parameter ␤ϭl H ϩ /l H Ϫ , namely, ␤ϭ0.5 in Fig. 3͑a͒ and ␤ϭ0.9 in Fig. 3͑b͒ . The energy spectrum now is qualitatively different from the previous case. First, we note that the k y states are no longer degenerate at k y Ӷ0 ͑but they are still doubly spin degenerate͒. Second, for k y ӷ0 the energy levels approach the Landau levels for states in a uniform magnetic field B ϩ . Third, the electron velocity along the y direction ͑the slope of the dispersion curves͒ depends on the value of ␤. The larger ␤, the smaller is the electron velocity. At ␤ →1 the electron velocity vanishes and consequently snake states disappear.
We can analyze this spectrum as coming from the effective potential again. The velocity of the snake orbits is strongly reduced now, and it is going to zero at k y ӷ0 and k y Ӷ0 for all quasi Landau levels. The probability density functions for the lowest quasi Landau levels for ␤ϭ0.5 are shown in Fig. 4 at 0 ϭ2 and 0 ϭ0. We can see an expected result: in both cases the electrons are in snake states localized near the interface boundary, being more localized at 0 ϭ0 than at 0 ϭ2.
III. SPIN
From this two-band model, in which the spin properties of the wave functions are directly characterized by the eigenstates, we can find the average value of the spin vector ͗S͑x͒͘ϭ͗⌿͉⌺͉⌿͘,
͑11͒
where ⌺ is the spin operator. After simple calculations we obtain that the three components of the average spin vector for each value of k y do not vanish, even in the case of a symmetrical inverted magnetic junction. Of course, the direction of these vectors for each of the two spin-conjugate states is opposite to each other. For the 2DEG ͑that is, ϭ0) in the case of the inverted magnetic junction, we obtain ͗S͑x͒͘ϭ͑0,0,S z ͑ ͒͒, where
After integrating along x we have 
͗S z ͘ϭϪ ⌬

EϪV
. ͑12͒
It follows that, despite the fact that in the symmetrical inverted magnetic junction the number of electrons with spin up and down should be the same, the spin of each of the spin-conjugate states happens to be a nonzero vector. Moreover, the absolute value of this vector changes for different values of 0 . The spin value as a function of x for the inverted magnetic junction at 0 ϭ0 and at 0 ϭ2 is shown in Fig. 5 . As follows from this figure the spin of the snake states ͑which are the states at 0 ϭ0 and 0 ϭ2) is a function localized near the magnetic interface boundary. Obviously, the other spin-conjugate state ⌿ has the opposite spin direction, resulting in a zero value of the spin sum. Figure 6 shows the average along the x direction of the spin as a function of 0 for the two spin-conjugate states ͗S z ͘ ϭ⌬/(EϪV) corresponding to the first quasi Landau level. We note that the average spin of the delocalized states (k y Ӷ0) tends to Ϯ1 for the two degenerate states and it decreases slowly up to ϳϮ0 for the snake states (k y ӷ0).
When the Zeeman term is included the spin degeneracy will be removed. As a result, each of the quasi Landau levels of the magnetic junction will be characterized by a nonzero value of the average spin, which will be localized near the interface boundary for the snake states.
IV. SUMMARY
The electron energy spectrum of magnetic junctions based on narrow-gap semiconductors has been studied in some detail. A two-band Dirac Hamiltonian has been used as a model. For a homogeneous magnetic field, the degenerate Landau levels have been shown to be transformed into bands of finite width in the case of a steplike magnetic field. The dispersion of these quasi Landau bands reveals time-reversal asymmetry.
In the symmetrical inverted magnetic junction the electron states at k y Ͼ0 travel freely along the interface resulting in an increase of the conductivity in the direction of the interface. In the case of the normal magnetic junction the electron velocity along the junction depends on l H ϩ /l H Ϫ going to zero as k y →Ϯϱ.
The average spin of the quasi Landau levels of the magnetic junctions is a nonzero vector, being a function localized near the interface boundary for the snake states. In this way snake states can be considered as a quasi-one-dimensional spin system. When the Zeeman term was included, we were unable to find an analytical solution in the common case, but a calculation can be quite easily performed for the 2DEG ( ϭ0). It is obvious that the twofold degenerate levels split by the energy ϳប H , removing their degeneracy. The spectrum will consist of a set of successive levels with opposite spin directions. As a result, given the energy F , the snake states localized near the interface boundary will follow one after another, alternating the spin direction. We suppose that in this way spin-dependent transport can be observed. But this effect demands a thorough study, which will be the subject of our next publication.
We conclude that the band spectrum of the magnetic junction based on a narrow-gap semiconductor, which was obtained in the framework of the two-band model, can be clearly interpreted from the shape of the effective potential. The energy spectrum and wave functions do not change dramatically in comparison with the single-band model. This provides the proof of the close connection between these models and makes us confident that the spin properties of magnetic interface structures that follow directly from the two-band model will find theoretical and experimental evidence in resonance splitting, magnetoresistance oscillation peaks, and tunneling transmission coefficients.
